Abstract. It is proved that for a von Neumann algebra A ⊆ B(H) the subspace of normal maps is dense in the space of all completely bounded A-bimodule homomorphisms of B(H) in the point norm topology if and only if the same holds for the corresponding unit balls, which is the case if and only if A is atomic with no central summands of type I ∞,∞ . Then a duality result for normal operator modules is presented and applied to the following problem. Given an operator space X and a von Neumann algebra A, is the map
Introduction.
If A is a von Neumann algebra on a Hilbert space H, it is known (see [7] ) that the unit ball U of the space NCB A (B(H)) A of all normal completely bounded (abbreviated CB) A-bimodule homomorphisms of B(H) is dense in the point weak * topology in the unit ball V of the space CB A (B(H)) A of all CB A-bimodule homomorphisms of B(H). We show in Section 3 that U is dense in V in the point norm (abbreviated p.n.) topology if and only if A is atomic with no central summands of type I ∞,∞ . The proof is based on an extension of Arveson's version [1] of Voiculescu's theorem [32] to bimodule mappings over atomic von Neumann algebras and on a recent commutation theorem of Hofmeier and Wittstock [14] . Such a density result implies in particular that, given a finite-dimensional subspace X ⊆ B(H), each φ ∈ CB(X, B(K)) with φ cb < 1 extends to a normal map ψ : B(H) → B(K) with ψ cb < 1.
In Section 4 we observe that every dual operator space X can be embedded into some B(H) so that each weak * continuous CB map φ from X into any B(K) with φ cb < 1 can be extended to a normal map ψ from B(H) into B(K) with ψ cb < 1.
An operator A-bimodule X over a von Neumann algebra A ⊆ B(H A ) is called normal if there exist a Hilbert space H, a complete isometry Φ : X → B(H) and a (faithful) normal representation π : A → B(H) such that Φ(axb) = π(a)Φ(x)π(b)
for all a, b ∈ A and x ∈ X. If in addition for each b ∈ B(H) and each orthogonal family {e i } i∈I of projections with sum 1 the condition bπ(e i ) ∈ Φ(X) implies that b ∈ Φ(X) and similarly for the condition π(e i )b ∈ Φ(X), then X is called a strong A-bimodule. It follows from [21] - [23] that this definition is independent of the choice of Φ and π and that strong submodules of B(H) can be characterised as closed in a certain topology and in various other ways. The bimodule dual X of a normal operator A-bimodule X is the space CB A (X, B(H A )) A of all completely bounded A-bimodule homomorphisms from X to B(H A ) (where, for definiteness, we assume that H A is the Hilbert space on which A is represented in the standard form). Then X is naturally a normal dual operator bimodule (in the sense of [9] ) over the commutant A of A in B(H A ). Given a normal dual operator bimodule Y , we can define its bimodule predual Y as the subspace of its bimodule dual consisting of all weak * continuous mappings. In Section 5 we show that the identity (X ) = X holds for a normal operator A-bimodule X if and only if X is strong. (In the special case A = C this reduces to the well known classical fact.) Then we use this result to study the problem described below.
Pisier [28] proved that for each operator space X and any C * -algebra A the linear map Using this identification, we may define q :
where θ is represented in the form (1.2). The sum on the right hand side of the above identity represents the product a[φ(x ij )]b of three bounded operators, hence converges, say, in the strong operator topology. We shall indicate in the next section that q is well defined, and then q is clearly a contraction.
Denote by X the usual operator space dual of X and recall the identification CB(X, A ) = X F ⊗ A (which may be taken merely as a suggestion that CB(X, A ) contains a copy of X ⊗ A ; at this point we do not need the theory of the Fubini tensor product [10] ). Observe that each A -bimodule
hence there is a natural map
⊗ A with ι we get the map studied in [20] . (In [20, 5.1(3) ] it was already observed that when X is the predual of a von Neumann algebra, the correct target space for q is not NCB(X , A), but a certain subspace of decomposable operators with the decomposable norm.) The following problem is still open in general.
It follows from results in [20] that this question has an affirmative answer in the case when X is the predual of a von Neumann algebra. The main obstacle to extending this solution to general operator spaces is that normal completely bounded mappings do not always have normal extensions even if the range space is B(H).
If we denote by N the kernel of q and put U = A eh ⊗ X eh ⊗ A, the above problem asks if the map q : U/N → X np ⊗ A induced by q is a completely isometric isomorphism. We do not even know if U/N is a normal A-bimodule. This is perhaps the main reason that arguments analogous to those used in the proof of Pisier's theorem are not available in the present context of the extended Haagerup tensor product.
We shall show that in case A ⊆ B(H A ) is injective the above problem has an affirmative answer for all finite-dimensional operator spaces if and only if there is a conditional expectation E from B(H A ) onto A which can be approximated in the point norm topology by a net of normal complete contractions φ ν from B(H A ) into A. We do not require that φ ν are Abimodule maps; the results of Section 3 imply that such an approximation of E with A-bimodule complete contractions is impossible for a general injective A. Even without requiring that φ ν are A-bimodule maps, such an approximation does not seem very likely for a general injective A. The author does not know the answer to the following problem. In Section 6 we show that Problem 1 has an affirmative solution in case A is of type I and X satisfies a technical condition (satisfied by all finitedimensional operator spaces); this will also solve Problem 2 for algebras of type I. After a translation of the problem to an extension question for certain normal bimodule mappings (see the diagram in the proof of Corollary 5.3), the proof is based on the principle of measurable selection if A has a separable predual and then extended to general A of type I. Problem 1 also has an affirmative solution if X is finite-dimensional with 1-exact dual (in the sense of [27] ) and A any injective von Neumann algebra (Corollary 6.6).
We refer to [12] , [26] and [28] for general theory of operator spaces and completely bounded maps, and to [15] and [19] for some topics that put the problem studied here in a broader perspective.
).) The extended Haagerup tensor product of operator spaces
is defined as the space of all n-linear completely bounded functionals on
which are weak * continuous in each variable separately. We shall only need the products of at most three spaces. Given three operator spaces X, Y and Z, by [10] for each element
which suggests the notation
The norm of θ is then equal to inf{ x y z }, where the infimum is over all representations of θ in the form θ = x y z such that (2.1) holds.
Following a special case in [7] , the normal Haagerup tensor product of dual operator spaces X and Y is defined by Effros and Ruan in [10] as the
Products of more than two factors are defined in the same way, but will not be needed here. It is known ( [3] , [10] 
If A is a von Neumann algebra, then A 
where ω and are normal positive functionals on A and B, respectively. It is not completely obvious that s ω is a seminorm, but we refer to [23] and [22] for more details. Here we only note that if X is a dual normal operator bimodule (in the sense of [9] ) this topology is in between the norm and the weak * topology. A bounded linear functional θ on X is continuous in the A, B-topology if and only if for each x ∈ X the linear functionals a → θ(ax) and b → θ(xb) are normal on A and B (respectively). 
It suffices to prove that the net {θ F } F (where finite subsets of J are ordered by inclusion) converges to θ in the A, A-topology and this can be done by using a polar decomposition argument in the same way as in the proof of [22, Theorem 5.3] or [20, p. 343] .
It is easy to see that bounded homomorphisms of normal operator A, Bbimodules are continuous in the A, B-topology. (For one-sided modules this is proved in [22] and the proof for bimodules is essentially the same.)
Turning to the analogy of Pisier's map q 0 in the context of the extended Haagerup tensor product, let S be the set of "all" pairs s = (Φ, π) where Φ : X → B(H s ) is a complete contraction and π : A → B(H s ) is a normal representation with range contained in Φ(X) . (To assure that S is indeed a set, we may consider only pairs arising by the GNS construction from states on C * (X) nor ⊗ A, the normal tensor product defined in [8] .) Each such pair
where θ is represented in the form (1.2). Using the above notation θ = a x b, the sum on the right hand side of this definition can be written as π 1 Note that X ⊗ A with the norm 
The following result of Effros and Kishimoto will be needed in Section 3. 
similar conclusion holds for completely bounded homomorphisms of right B-modules. In particular (take K = H and B = A), the space CB A (B(H)) A is contained in the commutant of NCB A (B(H)) A in CB(B(H)) (since each Ψ ∈ NCB A (B(H))
A is of the form x → j∈J a j xb j for some index set J and a j , b j ∈ A with the sums j∈J a j a * j and j∈J b * j b j weak * convergent). In Section 3 we shall also need the following extract from results of Hofmeier and Wittstock (see [14, 3.1, 3.2, 3.7] ). Recall that an atom in a von Neumann algebra A is a non-zero minimal projection in A.
Theorem 2.4 ([14]). If A ⊆ B(H) is a von Neumann algebra such that A contains a von Neumann subalgebra without atoms or , if A has no atomic central direct summands of type
where
In [14] Theorem 2.4 was proved for separable spaces only, but the separability assumption was used only to prove certain auxiliary results which imply the following proposition (see [14, 2.5, 3 .1]).
Proposition 2.5 ([14]). If A ⊆ B(H) is an abelian von Neumann algebra without atoms, then
Since Theorem 2.4 can be deduced from Proposition 2.5 as in [14] 
hence, composing this with η we get a weak * continuous isomorphism 
Note that Φ maps pB(H)p into itself since the left and the right multiplication by p are A -bimodule mappings, hence commute with Φ.
Note that p A p is the commutant of Ap in p B(H)p and Ap ∼ = Ap ⊆ A is without atoms. Since the Hilbert space p H = [Aξ] is separable (for A is countably generated), Φ p is normal by [14] . Thus for each vector ξ ∈ H the
If A is countably decomposable (but not necessarily countably generated), then A contains a countably generated von Neumann subalgebra B without atoms. (To prove this, we may assume that there exists a unit cyclic and separating vector ξ ∈ H for A [16, 1] has no atoms the same holds for Bq and B ∼ = Bq .) Then A ⊆ B implies that
Since B is countably decomposable and countably generated, Y contains normal maps only, hence so must X.
where p is the projection with range [A ξ], which is countably decomposable in A.
The density in the point norm topology of NCB A (B(H))
A in CB A (B(H)) A for some atomic von Neumann algebras. In this section we shall need an extension of Arveson's version of Voiculescu's theorem [1, Theorem 4 ] to the case of bimodule maps over certain von Neumann algebras (Theorem 3.2 below). The proof of this theorem relies on the techniques developed in [1] and we shall give below only the necessary adjustments, referring to [1] or [5] for the details. (We have not been able to deduce the result from already known variants of Voiculescu's theorem [17] or [18] since no condition of nuclearity or exactness is present in our situation.) The main result of this section (Theorem 3.5) is stated for atomic von Neumann algebras A, but in our application in the later sections we shall only use the case A = C of the theorem. It follows from Theorem 3.5 that Theorem 3.2 is not true for non-atomic A.
A von Neumann algebra is called atomic if it is the weak * closed linear span of its minimal projections, which is the case if and only if A is of type I with atomic centre [16, 6.9 .37], hence a direct sum of type I factors. 
where the convergence is in the norm topology.
Proof. By the hypothesis we have decompositions of the form
for some finite subset F ⊆ I and, up to unitary equivalence, π|pA is of the form 
Since pA is finite-dimensional there exists a finite group G of unitary elements with linear span pA. Let m be the cardinality of G. Since Φ is an A-bimodule map, from (3.1) we have
for all a ∈ G, hence for all a ∈ pA. Another averaging over G shows that
where R ν and S ν are contractions intertwining the representations π|pA on C n and id|pA on H p . Since for each unit vector ξ ∈ C n , 
Sketch of the proof. We have the decompositions
where n i ∈ N and K i are separable Hilbert subspaces of K. Let C be the (separable) C * -subalgebra of B(K) generated by Φ(B) ∪ K(K). Using the approximate unit of K(K) consisting of finite rank projections in π(A) = i∈I (1 n i ⊗ B(K i )), by [1, pp. 330 , 331] we may construct a countable quasicentral (for C) approximate unit (e j ) such that e j ∈ π(A) for all j ∈ N. Then, given ε > 0 and a finite subset F of C, the same arguments as in [1, pp. 333, 334] or [5, p. 226] show that there exists a sequence of positive finite rank
. Now with the use of Lemma 3.1, the required isometries V k can be constructed in the same way as in [1] or [5, pp. 226, 228] . 
Proof. Suppose that A is atomic with A finite (the case when B is atomic and B finite can be treated in the same way or by taking adjoints). Thus we have A = i∈I (B(H i ) ⊗ 1 n i ) and H = i∈I H n i i for some index set I and integers n i ∈ N. Let p i ∈ A be the projection with range H (K, H) ) B determines a collection of maps
Since Φ is a homomorphism of left A-modules, for each x ∈ B(K, H) we have, by Theorem 2.3, 
hence each Φ i in (3.4) is normal. That Φ is normal then follows from (3.4) by applying to both sides any vector functional ω ξ,η on B(K, H) and using the Schwarz inequality and orthogonality of the family (p i ) to show that the sum for ω ξ,η Φ is norm convergent. 
On the other hand, (CB B (B(K)) B ) c contains NCB B (B(K)) B by Theorem 2.3, hence it also contains the p.n. closure of NCB B (B(K)) B . It follows that 
If Φ is singular and CP then by Lemma 3.4, Φ ij = 0 if (i, j) = (1, 1). By Corollary 3.3, Φ 1,1 is in the p.n. closure of the normal CP A 1 -bimodule homomorphisms, hence Φ is in the p.n. closure of the normal CP A-bimodule maps. If Φ is unital CP (but not necessarily singular), we may decompose Φ as Φ nor + Φ sing and approximate Φ sing by normal CP A-bimodule maps Φ k ; then modifying the CP maps Φ nor + Φ k in the standard way to assure unitality, we get an approximation of Φ in the p.n. topology by a net of unital normal CP A-bimodule maps. Finally, the case of a general map Φ ∈ CB A (B(H)) A can be reduced to the completely positive case by Paulsen's well known 2 × 2 matrix technique (see [26] ).
A proper embedding of a dual operator space.
It is well known that each dual operator space X can be represented completely isometrically and weak * homeomorphically as a weak * closed subspace in some B(H) [12, p. 45 ], but in general, weak * continuous CB mappings from X to B(K) do not extend to weak * continuous CB mappings from B(H) into B(K) (see [9] and [2] ). We say that X ⊆ B(H) is properly embedded if each weak * continuous map φ : X → B(K) with φ cb < 1 (for each Hilbert space K) can be extended to a weak * continuous map φ : B(H) → B(K) with φ cb < 1. Proof. Let K be a fixed Hilbert space of dimension equal to the cardinality of some weak * dense subset of X and let S be the set of all weak * continuous maps ψ : X → B(K) such that ψ cb < 1. Let
For each ψ ∈ S let ι ψ : K → H be the corresponding inclusion, p ψ : H → K the projection and define
Then ψΦ = ψ and clearly ψ is a weak * continuous complete contraction.
If ψ : X → B(L) is weak * continuous with ψ cb < 1 (L any Hilbert space), then L can be decomposed as an orthogonal sum of subspaces K ν reducing ψ(X ) such that dim K ν ≤ dim K for each ν; hence we may assume that K ν ⊆ K and construct the required extension ψ of ψ by applying the previous paragraph to each component of ψ.
Clearly Φ is weak * continuous and, since X has a weak * continuous completely isometric representation into some B(L), Φ must be completely isometric. As Φ is weak * continuous and isometric, it is a well known consequence of the Kreȋn-Shmul'yan theorem that Φ(X ) is weak * closed and Φ is a weak * homeomorphism onto Φ(X ). 
Proposition 4.2. Let X ⊆ B(H) be a properly embedded dual operator space and let η : T(H) → X be the completely quotient map from the trace class T(H) to the predual X of X the adjoint of which is the inclusion of X into B(H). Then for all operator spaces U and V ,
σ := 1 ⊗ η ⊗ 1 : U eh ⊗ T(H) eh ⊗ V → U eh ⊗ X eh ⊗ V
T(H)) = NCB(B(H), M J ) since B(H) is the dual of T(H). The assumption that X is properly embedded into B(H) implies that NCB(B(H), M
is a quotient map, hence the amplification
of η is also a quotient map. So, there exists an element t ∈ M J (T(H)) such that t < 1 and η J (t) = x. With z := u t v ∈ U eh ⊗ T(H) eh ⊗ V , we have now z < 1 and σ(z) = w. This proves that σ is a quotient map. That σ is in fact a completely quotient map follows by applying the same argument to the spaces C n (U ) and R n (V ) (n ∈ N) instead of U and V , respectively, since
isometrically for every operator space X.
In the rest of this section A ⊆ B(H) will be an injective von Neumann algebra and we will say a few words about the approximation of CB maps from B(H) into A with normal maps in the p.n. topology. Proof. Assume that N 1 is dense in C 1 in the p.n. topology. Let F be a finite-dimensional subspace of B(H), φ ∈ CB(F, A), φ cb < 1, and choose ε so that 0 < ε < 1 − φ cb . Since A is injective, there exists an extension φ 0 ∈ CB(B(H), A) of φ such that φ 0 cb = φ cb . By the hypothesis there exists a map ψ 0 ∈ NCB(B(H), A) such that ψ 0 cb < 1 − ε and (φ 0 − ψ 0 )|F cb < ε/2. By injectivity again, there exists an extension φ 1 ∈ CB(B(H), A) of (φ 0 − ψ 0 )|F such that φ 1 cb < ε/2. Then by the hypothesis again there exists ψ 1 ∈ NCB(B(H), A) such that ψ 1 cb < ε/2 and (φ 1 − ψ 1 )|F cb < ε/2 2 . Continuing in this way, we find two sequences of maps φ n ∈ CB(B(H), A) and ψ n ∈ NCB(B(H), A) such that φ n cb < 2 −n ε and
Then ψ ∈ NCB(B(H), A), ψ cb < 1 and ψ|F = φ, hence r F is a quotient map. This proves the proposition in one direction; the reverse direction is obvious.
From Theorem 3.5 (in the special case A = C) and Proposition 4.3 we deduce the following consequence. 
Corollary 4.5. Let A be an injective von Neumann algebra acting on a Hilbert space H A . Then for all Hilbert spaces H the unit ball of the space NCB(B(H), A) is dense in the unit ball of CB(B(H), A) in the p.n. topology if and only if there exists a conditional expectation E : B(H A ) → A in the p.n. closure of the unit ball U of NCB(B(H A ), A).

Proof. Suppose that there is a conditional expectation E : B(H
The module dual of a normal operator bimodule.
The module dual of an operator bimodule over C * -algebras was introduced by Na [24] and Pop [29] . Here we need such a dual for normal operator bimodules over von Neumann algebras. To simplify the notation we consider only normal bimodules over a single von Neumann algebra A; the case of bimodules over a pair of von Neumann algebras can be treated in the same way.
For a normal operator A-bimodule X, the bimodule dual X of X is defined by X = CB A (X, B(H A )) A , where H A is the Hilbert space on which A is represented faithfully and normally in some canonical way, say in the standard form [13] . (Here we shall not need any technical properties of the standard form. If A is σ-finite, we may simply suppose that A on H A has a cyclic and separating vector, which determines (A, H A ) up to unitary equivalence.) X is an A -bimodule in the natural way.
If Y is a dual operator A-bimodule, then the bimodule predual Y of Y is defined as the subspace of all weak * continuous elements of Y . In particular, since X is a weak * closed subspace of CB(X, B(H A )) = (X⊗T(H A )) , where T(H A ) is the trace class of H A , we may consider (X ) . 
, where e j ∈ C fin I (A ) (j ∈ I) has 1 in the jth entry and 0 elsewhere. For each subset F ⊆ I let (e T i ) i∈F denote the column and [e j ] j∈F the row matrix. Note that for a finite F the matrix 
For a general X, we may assume that X ⊆ B(K) for some Hilbert space K, where the A-bimodule structure is induced by a normal representation π : A → B(K). Moreover, since each normal representation of A is unitarily equivalent to a restriction of a multiple of the identity representation, we may regard X as a subbimodule of the module of the form Y = B(H 
Proof. By the definitions we have X
By the definition (2.4) of the norm in X np ⊗A each complete contraction φ ∈ CB(X, A ) can be extended (uniquely) to a completely contractive A-bimodule map φ : X ⊗A → B(H A ) such that φ(x⊗a) = φ(x)a for all x ∈ X and a ∈ A. By the Wittstock extension theorem and the automatic continuity in the A, A-topology φ can be extended uniquely to a com- 
Corollary 5.3. Let A a von Neumann algebra, X a dual operator space properly embedded in B(H) and denote by η : T(H) → X the map whose adjoint is the inclusion X ⊆ B(H). Then the map q
X : A eh ⊗ X eh ⊗ A → X np ⊗ A is (
completely) quotient if and only if the map η
A := η ⊗ 1 : T(H) np ⊗ A → X np ⊗ A is (completely) quotient.
Proof. Consider the commutative diagram
where σ = 1 ⊗ η ⊗ 1 and the equalities follow from Proposition 5. A ) → A in the p.n. closure of the unit ball of NCB(B(H A ), A) .
is a quotient map for all finitedimensional operator spaces X if and only if there is a conditional expectation E : B(H
Proof. By the diagram in the proof of Corollary 5.3, q X is a quotient map if and only if the restriction map [20, 4.2] ) and, if X is finite-dimensional, the fact that injective von Neumann algebras are semidiscrete [4] implies by [8, 4.5] 
The case of algebras of type I.
If µ is a positive countably additive measure on a (σ-algebra on a) space ∆ and X is a Banach space we denote by L ∞ (µ, X) the space of all essentially bounded (strongly) measurable functions from ∆ to X (see [6] ). If X is an operator space then L ∞ (µ, X) is an operator space in a natural way. Given a countable set J, we denote by L ∞ (µ, [22, 2.2, 5.3] this closure consists of all f ∈ B(H) such that there exists an orthogonal set {e i : i ∈ I} of (non-zero) projections in C with sum 1 such that f e i ∈ Y . Since µ is finite, I must be countable. Regarding Y as a subspace of L ∞ (µ, X) in the usual way, we see that each f e i is in L ∞ (µ, X), hence also f = i f e i is in L ∞ (µ, X) . Conversely, the Egorov theorem states that each f ∈ L ∞ (µ, X) is a uniform limit of step functions outside a subset of arbitrary small measure and this implies that there is an orthogonal sequence {e i } of projections in C such
(ii) We assume that J is infinite and identify J with N. Let p n ∈ M J ⊆ A be the projection onto the first n coordinates, so that (p n ) is a sequence of finite rank projections converging to In the following theorem we have a restriction on the size of the operator space X; we do not know if it can be removed. In contrast, there is no restriction on the size of the von Neumann algebra A. To show this, we prove the theorem for a general A of type I, although the proof is much shorter if A has a separable predual (below, the separable case will be proved first). 
⊗ A i ) for each operator space Y . Thus, we may assume that A = M J (C) for some Abelian von Neumann algebra C and some index set J, since each von Neumann algebra of type I is a direct sum of algebras of such a form. We shall now divide the proof into three steps.
1. Suppose that A has a separable predual. Then J is countable (hence we will assume that J = N) and (up to isomorphism) C = L ∞ (µ) for some finite complete Borel measure on a compact metric space ∆. By Lemma 6.1,
) and ε ∈ (0, 1). Put B = M J and let η J : M J (T ) → M J (X) be the map induced by η. Since M J (X) = NCB(X , M J ) and M J (T ) = NCB(B(H), M J ) and X is properly embedded in B(H), η J is a quotient map. Therefore for each λ ∈ ∆ there exists an element t(λ) ∈ M J (T ) such that η J (t(λ)) = f (λ) and t(λ) < f (λ) + ε. To show that t(λ) can be chosen in a measurable way, we may assume (by changing it on a set of measure 0, see [16, p. 1032] ) that f is a Borel map. Let V be the closed ball in M J (T ) with centre 0 and radius f +ε, equipped with the topology determined by the family of seminorms t → p n tp n , where p n ∈ M J is the projection onto the first n coordinates for each n ∈ J = N. (It is not difficult to verify that this is just the B, B-topology on V .) Then V is a complete separable metrizable space. Since the map η J : M J (T ) → M J (X) is continuous where both spaces carry the B, B-topology, the set
is a Borel subset of ∆×V . By the principle of measurable selection (see [16, p. 1041]) there exists a measurable map g : ∆ → V such that η J (g(λ)) = f (λ) for all λ ∈ ∆. The topology in V is such that measurability of g means that the components g ij of g are measurable functions from ∆ into X, hence
The identity η J (g(λ)) = f (λ) a.e. means that η A (g) = f and, since g ≤ f + ε, this proves that η A is a quotient map. Thus q is a quotient map. Replacing in the above argument A with M n (A) for all n ∈ N, we see that q is in fact a completely quotient map. This proves the theorem in the case where A has a separable predual. 
Suppose now that
hence, by what we have already proved, there exist
⊗ A is such that η A (t) = w and t < w + ε. This proves that η A is a quotient map; that it is in fact completely quotient follows again by replacing in this argument A with M n (A) for all n ∈ N.
We do not know if in Theorem 6.2, the restriction that X can be properly embedded into B(H) for a separable H can be removed. This condition is satisfied in particular for all finite-dimensional operator spaces (Corollary 4.4) and all operator spaces X such that X can be realised as a subspace in some B(H) for a separable H so that X ∩ K(H) is weak * dense in X . 
T(H)
A ⊗ A with the usual spatial tensor product T(H)⊗ A the result is no longer true for all finite-dimensional operator spaces X even in the case A = B(H). After we had already found a direct proof of the following proposition, N. Ozawa kindly informed us that the first part of it can also be deduced from his results in [25] . We give below our original proof. We refer to [27] for the definition of 1-exact operator spaces that are used in the following proposition. 
(t).)
Since η is completely quotient, given n and x ∈ M n (X) with x = 1, there exists t ∈ M n (T ) such that η(t) = x and t < 1+2 So we have proved that for each ε > 0 there exists a finite-dimensional subspace S of T such that for each n and x ∈ M n (X) there is an element s ∈ M n (S) with η(s) = x and s ≤ (1 − ε) −1 x . We can replace S in this statement by T m , the predual of M m , for some m ∈ N; this follows from the fact that for each finite-dimensional subspace S of T there exists m ∈ N such that S is ε-almost completely isometric to a subspace of T m (see [11] for a more general result of this sort). By duality this implies that the completely bounded Banach-Mazur distance from X to some subspace of M m is dominated by (1 − ε) −2 (see the proof of Theorem 4.1.8 in [12] ), hence X is 1-exact since ε > 0 was arbitrary.
Conversely, if X is 1-exact (that is, arbitrarily close in the CB BanachMazur distance to a subspace of M m for some m), then by duality, given ε > 0, there exists an m and a complete contraction τ : T m → X such that the induced map T m /ker τ → X is invertible with the CB norm of the inverse less than 1 + ε. Since T m is a projective operator space [2] , there exists a linear map φ : T m → T with ηφ = τ and φ cb < 1 + ε. Tensoring with A, it now suffices to show that the map τ ⊗ 1 : T m⊗ A → X⊗ A is ε-almost completely quotient, and this translates to the fact that the map r : CB(M m , A) → CB(X , A), r(θ) = θτ (where τ is the adjoint of τ ), is almost completely quotient, which is a consequence of the extension theorem for CB maps. 
